The conventional second-order Path Integral Monte Carlo method is plagued with the sign problem in solving many-fermion systems. This is due to the large number of anti-symmetric free fermion propagators that are needed to extract the ground state wave function at large imaginary time. In this work, we show that optimized fourth-order Path Integral Monte Carlo methods, which use no more than 5 free-fermion propagators, can yield accurate quantum dot energies for up to 20 polarized electrons with the use of the Hamiltonian energy estimator.
higher-order PIMC methods to fermions in quantum dots.
Aside from using higher-order propagators, these calculations 6, 8, 9 also have in common in computing the energy from the Hamiltonian. By the Golden-Thompson inequality 10,11 , the thermodynamics estimator used in conventional PIMC converges to the ground state energy only from below. In the few-propagators case, it is so far from convergence that it is totally useless. The use of the virial estimator is risky for quantum dots, since it may dip below the exact ground state energy 3 . In this work, we follow the success of the GSPIMC method in also using the Hamiltonian estimator in PIMC. This estimator is known 12 in Bosonic PIMC, but we generalize it here to include the anti-symmetric, determinant propagator. There are three advantages in using the Hamiltonian estimator in PIMC. First, it gives a variational upper-bound to the ground state energy, as in GSPIMC. Second, its result can be doublechecked by use of a variant, the Clark-Westhaus 13 (CW) form of the kinetic energy. Third, in contrast to GSPIMC, no trial ground-state wave function is needed.
The Hamiltonian for N electrons in a 2D harmonic dot is
By expressing r i = ℓ 0 x i , where ℓ 0 = h/(m * ω) is the harmonic length, one obtains the dimensionless Hamiltonian H in terms of dimensionless vectors
with effective coupling strength
, where a B is the effective Bohr radius. The Hamiltonian H is the quantum dot's energy in units ofhω.
The corresponding imaginary time propagator is
where τ = βω is the dimensionless imaginary time, and T and V are the kinetic and potential operators of H. The PA propagator approximates G(ǫ) at small time ǫ = τ /n as
with coordinate representation
where X = {x i } is the position vector of all N fermions, and
The anti-symmetric FFP G 0 (X, X ′ ; ǫ) is given by
where N is the number of fermions (electrons of the same spin), D is the dimension of the system, and M is the N × N anti-symmetric diffusion matrix
For computing the energy, it is convenient to write
In PIMC, the energy is calculated from (X k is denoted simply by k)
and averaged over all n places where H can be inserted between propagators. Since the FFP is not positive-definite, the above integral is sampled as
with the probability distribution function taken to be
and where sgn = ±1 is the overall sign of the product of G 2 's. The Hamiltonian energy estimator is given by
The alternative CW form of the kinetic energy is to let one of the gradient operator acts to the left, giving
The exact (and the free) propagator satisfies the equation
This equality no longer holds when G(X, X ′ ; ǫ) is replaced by an approximation, such as
. In this case, when both sides of the equation are divided by G 2 (X, X ′ ; ǫ), the RHS gives the "Hamiltonian" estimator as stated above. The LHS then gives the "Thermodynamics" energy estimator
By the repeated use of the identity
all three estimators can be computed without difficulties:
where
and where x ′ i is defined by
Thus in all three energy estimates, the calculation of M −1 is required. In the free propagator case, one has indeed E TH = E H . The CW estimator will generally have greater variance than the Hamiltonian estimator.
After a set of M configureations {X (m)
i } has been generated according to P (X 1 , X 2 , · · · X n ; ǫ), the energy can be computed by using the above three estimators as
For N = 8 spin-polarized electrons at the strong-coupling limit of λ = 8, the the energy of these three estimators are compared in Fig.1 . This is the largest quantum dot at the strongest coupling considered in Egger et al.'s PIMC calculation 3 and in Rontani et al.'s configuration-interaction study 14 . The thermodynamics estimator showed no convergence for up to 8 PA propagators, whereas the Hamiltonian and CW estimators are in excellent agreement in providing upper-bounds to the ground state energy from 2 to 8 propagators.
The sign problem is completely under control in these calculations. The Hamiltonian energy minimum in the 8 propagators case is already close to the result of Egger et al. 3 . This strongly suggests that improving the propagator beyond second-order can circumvent the sign problem in these quantum dot calculations.
The short-time propagator can be approximated to any order by a product decomposition,
with a suitable set of coefficients {t i , v i }. ǫ → t i ǫ in the free fermion propagator (8) would result in an unbounded function that cannot be normalized as a probability. This simply reflects the fact that diffusion is a timeirreversible process. To have forward fourth-order schemes, with all positive coefficients, one must include the gradient potential in the decomposing process 19, 20 . These fourth-order schemes have been used successfully in bosonic DMC and PIMC simulations 7, 8, 21, 22 . Here, we will use a more extended family of these forward fourth-order propagators, with arbitrary numbers of free-fermion T operators as described in Refs.18 and 23.
In order to compare with the PA algorithm, we will characterize these algorithms by their number of T operators, or beads. We will consider approximations of the form (24) with t 1 = 0 and with left-right symmetric coefficients This will be fourth-order if one chooses {t i } > 0 with
, and divide the required gradient potential term
left-right symmetrically among all the v i ǫV terms in (26). In order to compute the Hamiltonian energy as simply as in the PA case (with only minor changes from ǫ → t i ǫ and ǫ → v i ǫ), the gradient potential term must not be distributed to the v 1 and v N potential terms. The freedom to choose {t i } and to distribute the the gradient potential terms among the remaining v i potential terms then allows one to fine-tune the propagator to minimize the energy 7,8 .
In Fig.2 we compare the Hamiltonian energy obtained by these optimized fourth-order propagator with those of the PA propagator in Fig.1 Pederiva et al. 24 and Ghosal et al. 25 , for up to N = 20 spin-polarized electrons. In Fig.3 , we show the convergence of the 3 and 4-bead propagators for solving the case of N = 20 spin-polarized electrons. This is a good illustration of the sudden appearance of the sign problem, which blew up the 4-bead calculation with a large variance at τ = 7. Nevertheless, the Hamiltonian estimator still gives excellent upper-bounds to the energy at τ = 6 and τ = 8.
In this work, we have shown that optimized fourth-order propagators, in using only [3] [4] [5] FFP, together with the use of the Hamiltonian estimator, can effectively limit the severity of the sign problem and allow accurate calculation of quantum dot energies for up 20 fermions.
